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a b s t r a c t
A group G is called morphic if every endomorphism α : G → G for which Gα is normal
in G satisfies G/Gα ∼= ker(α). This concept originated in a 1976 paper of Gertrude Ehrlich
characterizing when the endomorphism ring of a module is unit regular. The concept has
been extensively studied in module and ring theory, and this paper investigates the idea in
the category of groups. After developing their basic properties,we characterize themorphic
groups among the dihedral groups and the groups whose normal subgroups form a finite
chain. We investigate when a direct product of morphic groups is again morphic, prove
that a finite nilpotent group is morphic if and only if its Sylow subgroups are morphic, and
present some results for the case where a p-group is morphic.
© 2010 Elsevier B.V. All rights reserved.
A group G is called morphic if every endomorphism α of G for which Gα is normal in G satisfies G/Gα ∼= ker(α).
This condition for modules was introduced in 1976 by Gertrude Ehrlich [2]. It arose in her characterization of when the
endomorphism ring of a module is unit regular. A group-theoretic version of Ehrlich’s theorem is given in [3]. The condition
M/Mα ∼= ker(α) was studied in the context of rings in [4], and then for modules in [5]. In the present paper we study this
condition in the category of groups. After deriving the basic properties of morphic groups, we give several examples, and
show that a dihedral groupDn is morphic if and only if n is odd.We go on to give conditions that a group P ∼= S1×· · ·×Sn×G
is morphic where the Si are simple and G is morphic, and we characterize when a group is morphic if the lattice of normal
subgroups is a finite chain. We show that a finite nilpotent group is morphic if and only if each of its Sylow subgroups is
morphic, and we begin work on the difficult problem of determining the morphic p-groups.
If G is a group, we write end(G) for the monoid of endomorphisms α : G → G, and we write aut(G) for the group of
automorphisms of G. Endomorphisms are written on the right of their arguments. As usual, we write H C G to indicate
that H is a normal subgroup of G, we write Z = Z(G) for the centre of G, and we write G′ for the commutator (or derived)
subgroup ofG.Wewrite Cn for the cyclic group of order n, andDn for the dihedral group of order 2n. IfH and K are subgroups
of G, we write G = H  K to mean that H C G, K C G, G = HK and H ∩ K = 1; and in this case we say that H and K are
direct factors of the group G.We say that G is a semidirect product of K by H, and we write G = K o H, if K C G, G = KH
and H ∩ K = 1; in this case we say that K is a semidirect factor of G.
1. Morphic endomorphisms
We begin with some characterizations of the group endomorphisms of interest here.
Lemma 1. If G is a group, the following are equivalent for α ∈ end(G):
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(1) Gα C G and G/Gα ∼= ker(α).
(2) There exists β ∈ end(G) with ker(α) = Gβ and Gα = ker(β).
(3) There exists β ∈ end(G) with ker(α) ∼= Gβ and Gα = ker(β).
Proof. (1)⇒(2) If σ : G/Gα → ker(α) is an isomorphism, define β : G → G by gβ = (g Gα)σ . Then β ∈ end(G),
Gβ = (G/Gα)σ = ker(α), and ker(β) = Gα because σ is one-to-one.
(2)⇒(3) This is clear.
(3)⇒(1) Given β as in (3), then Gα = ker(β) C G and G/Gα = G/ker(β) ∼= Gβ ∼= ker(α). 
An endomorphism α ∈ end(G) is calledmorphic if it satisfies the conditions in Lemma 1.We say that α is normal if Gα C G,
so α is morphic if and only if it is normal and G/Gα ∼= ker(α).
Every automorphism is morphic by (1) of Lemma 1, as is the trivial endomorphism θ of G defined by gθ = 1 for each
g ∈ G. For other examples, let G = H × K and consider the projection α ∈ end(G) given by (h, k)α = (h, 1). This is a
morphic endomorphism because Gα = H × 1 C G and G/Gα ∼= 1× K = ker(α).
Example 2. Let G denote the group C2 × C4.
(1) G is not morphic.
(2) In Lemma 1 we cannot replace (3) by:
‘‘There exists β ∈ end(G) such that ker(α) = Gβ and Gα ∼= ker(β). ’’
(3) The composite of morphic endomorphisms need not be morphic.
Proof. Write C2 = 〈a〉 and C4 = 〈b〉 .
(1) This follows from the proof of (2).
(2) Define σ : C2 → C4 by (ak)σ = b2k, and then define α and β in end(G) by (x, y)α = (1, xσ) and (x, y)β = (1, y).
Hence Gβ = 1× C4 = ker(α) and kerβ = C2 × 1 ∼= 1× (C2)σ = Gα. But α is not morphic because G/Gα ∼= C2 × C2 while
ker(α) ∼= C4.
(3). Now define θ : C4 → C2 by (bk)θ = ak. Then define pi : G → G and γ : G → G by (x, y)pi = (x, 1) and
(x, y)γ = (yθ, xσ) where σ is the map in (2). Then G/Gpi ∼= C4 ∼= ker(pi) and G/Gγ ∼= C2 ∼= ker(γ ), so pi and γ are both
morphic. However, piγ = α is not morphic by (2). 
The following two consequences of Lemma 1 will be needed later.
Lemma 3. If α ∈ end(G) is morphic then α is one-to-one if and only if it is onto.
Proof. Since G/Gα ∼= ker(α), it is clear that ker(α) = 1 if and only if Gα = G. 
Lemma 4. If α ∈ end(G) is morphic, so also are ασ and σα for every automorphism σ of G.
Proof. If σ ∈ aut(G), and α ∈ end(G) is morphic, then G/Gασ ∼= G/Gα ∼= ker(α) = ker(ασ), and G/Gσα = G/Gα ∼=
ker(α) ∼= [ker(α)]σ−1 = ker(σα). 
2. Morphic groups
We now come to the groups in the title of the paper. A group is called amorphic group if every normal endomorphism
is morphic.
Lemma 5. The following are equivalent for a group G
(1) G is morphic.
(2) If K C G is such that G/K ∼= N C G, then G/N ∼= K .
(3) If K C G, K 6= 1,G is such that G/K ∼= N C G, then G/N ∼= K .
Proof. (1)⇒(2) If τ : G/K → N is an isomorphism, define α : G→ G by gα = (gK)τ . Then α ∈ end(G), ker(α) = K , and
Gα = N C G. As α is morphic by (1), G/N = G/Gα ∼= ker(α) = K .
(2)⇒(3) This is obvious.
(3)⇒(1) Let Gα C G, α ∈ end(G). Since G/ker(α) ∼= Gα, (3) gives G/Gα ∼= ker(α) unless ker(α) = 1 or ker(α) = G. But,
by Lemma 3, if ker(α) = 1 then Gα = G, and if ker(α) = G then Gα = 1. Either way, G/Gα ∼= ker(α) in these cases too. 
Example 6. Cn is morphic for each n ≥ 1, but the infinite cyclic group C∞ is not morphic.
Proof. Since Cn/ker(α) ∼= (Cn)α, it follows that the groups Cn/(Cn)α and ker(α) are cyclic and of the same order, and hence
are isomorphic. Hence Cn is a morphic group. However C∞ = 〈a〉 is not morphic by Lemma 3 because the endomorphism
ak 7→ a2k is one-to-one but not onto. 
Corollary 7. Let G be morphic and let K C G. Then:
(1) If K ∼= G then K = G.
(2) If G/K ∼= G then K = 1.
Proof. If K ∼= G then G/1 ∼= K whence G/K ∼= 1. If G/K ∼= G then G/G ∼= K . 
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Thus being morphic is a mild finiteness condition on a group. In particular, no infinite product GI can be morphic if G 6= 1.
For if G = Gi for each i, and I is well ordered, then 〈g1, g2, g3, g4, . . .〉 7→ 〈1, g1, g2, g3, . . .〉 is one-to-one but not onto.
On the other hand, there are infinite morphic groups. For example, the additive group ZQ is morphic because end(ZQ) is
a field. In fact Q ∼= end(ZQ) via q 7→ αq where xαq = xq for all x ∈ ZQ.
Condition (3) in Lemma 5 gives immediately:
Example 8. Every simple group is morphic.
More generally, call a group G uniserial if the lattice of normal subgroups is a finite chain, that is it has the form:
G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn = 1. We are going to characterize when a uniserial group is morphic. To this end,
define the uniserial length of the normal subgroup Gk C G by
lG(Gk) = n− k for each k = 0, 1, . . . , n.
Hence if G is uniserial the following holds:
If K C G and H C G then lG(K) = lG(H) if and only if K = H.
Moreover, if K C G, say K = Gk, then G/K is uniserial with G0/K ⊃ G1/K ⊃ · · · ⊃ Gk/K = 1 as normal lattice, so
lG/K (G/K) = k. Hence
If K C G then lG(K)+ lG/K (G/K) = n.
Note that the normal subgroup Gi need not be uniserial (consider A4 ⊃ K4 ⊃ 1 where K4 ∼= C2 × C2). However, if Gi is
uniserial, we have:
Lemma 9. Let G be uniserial with normal subgroup lattice G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn = 1.
(1) If H C G is also uniserial then lG(H) = lH(H).
(2) In particular, if Gi ∼= G/Gk then i = n− k.
Proof. (1) The key fact is the following observation:
Claim. If K C H then K C G.
Proof. Let H = H0 ⊃ H1 ⊃ H2 ⊃ · · · ⊃ Hm = 1 denote the normal subgroup lattice of H, so that K = Hk for some k. Let
g ∈ G and h ∈ H. SinceH C G,write gh = h′g for some h′ ∈ H.Writing K g = g−1Kg,we have (K g)h = K h′g = (K h′)g = K g ,
again because K C H. Hence K g C H for each g ∈ G, and so H = Hg ⊃ Hg1 ⊃ Hg2 ⊃ · · · ⊃ Hgm = 1 is also a chain of normal
subgroups of H. Since H is uniserial, it follows that Hgi = Hi for each i. Hence Hi C G for each i because g ∈ Gwas arbitrary.
In particular, K C G, proving the Claim.
Now suppose that H = Gk, so the chain H = Gk ⊃ Gk+1 ⊃ · · · ⊃ Gn = 1 consists of normal subgroups of H. By the
Claim, it follows that both
H = Gk ⊃ Gk+1 ⊃ · · · ⊃ Gn = 1 and H = H0 ⊃ H1 ⊃ H2 ⊃ · · · ⊃ Hm = 1
represent the normal subgroup lattice of H. Hence m = n − k and Hi = Gk+i for each i = 0, 1, . . . , n − k. In particular,
lG(H) = n− k = m = lH(H).
(2) IfGi ∼= G/Gk, thenGi is uniserial, sowe obtain k = l(G/Gk) = l(Gi) = lG(Gi) = n−i.Hence i = n−k as required. 
We can now characterize the morphic, uniserial groups.
Theorem 10. Let G be a uniserial group, and let G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn = 1 denote the lattice of normal subgroups.
The following are equivalent:
(1) G is morphic.
(2) If G/Gk ∼= Gn−k, k = 1, 2, . . . , n, then G/Gn−k ∼= Gk.
Proof. (1)⇒(2) Suppose G/Gk ∼= Gn−k. Since Gn−k C Gwe have G/Gn−k ∼= Gk by (1).
(2)⇒(1) Let α ∈ end(G) be normal, and write ker(α) = Gk and im(α) = Gi. Then Gi ∼= G/Gk so i = n − k by Lemma 9.
Hence Gk ∼= G/Gi by (2), proving that α is morphic. 
Corollary 11. If G has normal lattice G ⊃ S ⊃ 1 then G is morphic.
Proof. Here G0 = G, G1 = S and G2 = 1. Suppose that G/Gk ∼= G2−k. If k = 0, 2 then G/G2−k ∼= Gk is clear. If k = 1 then
G/S ∼= S so G/G2−k = G/S ∼= S = Gk. 
Example 12. The dihedral group D3 is morphic.
Proof. The normal lattice is D3 ⊃ A ⊃ 1 where A is the normal subgroup of index 2. 
In fact, Dn is morphic if and only if n is odd, as will be shown in Proposition 15.
Proposition 13. The symmetric group Sn is morphic for all n ≥ 1.
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Proof. S1 = 1 is morphic; S2 ∼= C2 is morphic by Example 6; S3 ∼= D3 is morphic by Example 12; and Sn is morphic if n ≥ 5
by Corollary 11 because the normal lattice is Sn ⊃ An ⊃ 1. Finally, if S4 ⊃ A4 ⊃ K4 ⊃ 1 denotes the normal subgroup lattice
of S4, then S4 is morphic by Theorem 10 because S4/A4 6∼= K4 and S4/K4 6∼= A4. 
Question. If G is uniserial with uniserial length 3, must G be morphic?
In [5] a left R-moduleM is called amorphicmodule ifM/Mα ∼= ker(α) for every R-endomorphismα : M → M.An abelian
group (written additively) is morphic as a group if and only if it is morphic as a Z-module. It follows from Example 2 that
Z2⊕Z4 is not morphic, so not every finite abelian group is morphic. This is clarified by the following theorem, a translation
of [5, Theorem 26].
Theorem 14. A finitely generated abelian group is morphic if and only if it is finite and each p-primary component has the form
(Cpk)
n for some n ≥ 0 and k ≥ 0.
Thus the abelian groups (Cpk)n are morphic for each prime p and integer k ≥ 0.Note that C4×C4 is morphic by the theorem,
but its subgroup C2 × C4 is not morphic by Example 2.
The dihedral group D2 ∼= C2 × C2 is morphic by Theorem 14. However, for the higher dihedral groups the situation is as
follows:
Proposition 15. If 2 < n ∈ Z, then the dihedral group Dn is morphic if and only if n is odd.
Proof. Let G = Dn = {1, a, a2, . . . , an−1, b, ba, ba2, . . . , ban−1} where an = b2 = 1 and aba = b. For convenience, write
A = 〈a〉 C G.
Claim: If K C G and n is odd, then either K ⊆ A or K = G.
Proof. If K * A there exists x = bam ∈ K . One verifies that a2 = axa−1x−1 so a2 ∈ K . Since 2 and n = |a| are relatively
prime, it follows that a ∈ K . Hence b ∈ K , so K = G, proving the Claim.
Assume first that n is odd; we show that G is morphic by showing that every normal endomorphism α is either trivial or
an automorphism. Suppose on the contrary that α 6= θ and α /∈ aut(G). Then ker(α) ⊆ A and Gα ⊆ A by the Claim, so both
|ker(α)| and |Ga| are odd. But then |G| = |ker(α)| |Ga| is odd, a contradiction.
Conversely, if n = 2m we show that Dn is not morphic. Let N = 〈am〉 so both A and N are normal subgroups of G. Since
G/A ∼= C2 ∼= N but G/N ∼= Dm  A, it follows from Lemma 5 that G is not morphic, as required. 
Example 16. No generalized quaternion group Q4n is morphic.
Proof. Write G = Q4n =
〈
a, b | a2n = 1, an = b2, aba = b〉 , and let A = 〈a〉 and N = 〈an〉 . Then A C G and N C G.We have
G/A ∼= C2 ∼= N, but G/N 6∼= A. Indeed, if n = 2 then G/N ∼= C2 × C2 6∼= A; while if n > 2 then G/N = 〈aN, bN〉 ∼= Dn 6∼= A
because A is abelian. 
3. Strongly morphic groups
The following lemma identifies an important class of morphic groups.
Lemma 17. The following are equivalent for a morphic group G:
(1) Every normal subgroup of G is isomorphic to an image of G.
(2) Every image of G is isomorphic to a normal subgroup of G.
Proof. (1)⇒(2) Given an image G/K of G, let G/N ∼= K by (1) for some N C G. As G is morphic, G/K ∼= N by Lemma 5,
proving (2).
(2)⇒(1) If K C G, then G/K ∼= N for some N C G by (2). Again G/N ∼= K by Lemma 5, and (1) follows. 
We call a group G strongly morphic if it is morphic and the conditions in Lemma 17 are satisfied.
It is clear that any simple group is strongly morphic, and we are going to show (Proposition 31) that any finite product
of nonabelian simple groups is strongly morphic. On the other hand, D3 is morphic but it is not strongly morphic: if A C D3
is the cyclic subgroup of order 3 then D3/A ∼= C2 but D3 has no such normal subgroup. Similarly, we see that A4 is morphic
but not strongly morphic.
It is also clear that the finite cyclic group Cn is strongly morphic (if K C Cn then Cn/K is cyclic and its order divides n). In
fact we have:
Theorem 18. A finite abelian group G is strongly morphic if and only if it is morphic.
Proof. IfG ismorphic, it is enough (by Lemma17) to show that every imageG/K embeds inG. By the primary decomposition
theorem, we may assume that G is a p-group for some prime p. But in that case the theorem is well known (see for
example B. Baumslag and B. Chandler, ‘‘Theory and Problems of Group Theory’’, Schaum’s Outline Series, McGraw-Hill, 1968,
page 205). 
Theorem 19. Let G be strongly morphic. If K C G and K1 C G, then:
G/K ∼= G/K1 if and only if K ∼= K1.
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Proof. Let G/K ∼= G/K1. Since G is strongly morphic, let G/K ∼= N ∼= G/K1 where N C G. It follows that K ∼= G/N ∼= K1 by
Lemma 5 because G is morphic.
Conversely, let K ∼= K1. Because G is strongly morphic, let G/K ∼= N and G/K1 ∼= N1 where N C G and N1 C G. Again,
Lemma 5 gives G/N ∼= K ∼= K1 ∼= G/N1, so N ∼= N1 by the first paragraph. Thus G/K ∼= G/K1. 
Recall that a group G is uniserial if the lattice of normal subgroups is a finite chain. In Proposition 10 we characterized
when such a group is morphic; the next result shows when they are strongly morphic.
Theorem 20. Let G be a uniserial group, and let G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn = 1 denote the normal subgroup lattice. The
following are equivalent:
(1) G is strongly morphic.
(2) Every normal subgroup of G is isomorphic to an image of G.
(3) G/Gk ∼= Gn−k for each k = 1, 2, . . . , n.
(4) Every image of G is isomorphic to a normal subgroup of G.
Proof. (1)⇒(2) This is the definition of strongly morphic groups.
(2)⇒(3) By (2), there existsN C G such thatG/Gk ∼= N, sayN = Gi. ThenG/Gk ∼= Gi so i = n−k by Lemma 9, proving (3).
(3)⇒(4) Given G/N, N C G, let N = Gk because G is uniserial. Now apply (3).
(4)⇒(1) By Lemma 17 it suffices to show that G is morphic. By Theorem 10 it is enough to show that G/Gk ∼= Gn−k implies
G/Gn−k ∼= Gk. But G/Gn−k ∼= Gi for some i by (4), so i = n− (n− k) = k by Lemma 9. 
Corollary 21. Every simple group is strongly morphic.
Corollary 22. Suppose that G ⊃ S ⊃ 1 are the only normal subgroups of G. Then G is strongly morphic if and only if G/S ∼= S.
Hence A4 and Sn for n ≥ 5, are all morphic, uniserial groups of length 2 that are not strongly morphic.
4. Direct products
We return to general examples and properties of morphic groups. The class of morphic groups is not closed under direct
products (C2 × C4 is not morphic). However, we do have
Proposition 23. If P = G× H is morphic so also are G and H.
Proof. Given α ∈ end(G) with Gα C G, define α¯ ∈ end(P) by (g, h)α¯ = (gα, h). Then ker(α¯) = ker(α) × 1 and Pα¯ =
Gα × H C P. Hence GGα ∼= G×HGα×H = PPα¯ ∼= ker(α¯) = ker(α)× 1 ∼= ker(α). 
A group is called a Hamiltonian group if it is nonabelian and every subgroup is normal.
Example 24. No Hamiltonian group is morphic.
Proof. Every Hamiltonian group has the quaternion group Q8 as a direct factor [1, Page 114]. By Proposition 23 it suffices
to show that Q8 is not morphic. Denote Q8 = {±1, ±i, ±j, ±k} where i2 = j2 = k2 = ijk = −1. If C = {1,−1}, then
Q8/ 〈i〉 ∼= C2 ∼= C, but Q8/C ∼= C2 × C2 6∼= 〈i〉 . 
Question. If G and H are morphic groups, when is G× H morphic?
Question. If G is a morphic group, when is G× G morphic?
This section is devoted to partial answers to these questions. We begin with
Proposition 25. Let G = G1 × G2 × · · · × Gn where the groups Gi are such that hom(Gi,Gj) = {θ} whenever i 6= j. Then G is
morphic if and only if each Gi is morphic.
Proof. If G is morphic so are the Gi by Proposition 23.
Conversely, assume that the Gi are all morphic. If α ∈ end(G) then, since hom(Gi,Gj) = {θ} if i 6= j, there exist
αi ∈ end(Gi) such that 〈g1, . . . , gn〉α = 〈g1α1, . . . , gnαn〉 for all 〈g1, . . . , gn〉 ∈ G. Thus ker(α) =∏ni=1 ker(αi) and im(α) =∏n
i=1 im(αi), so G is morphic because
G
im(α)
=
n∏
i=1
Gi
n∏
i=1
im(αi)
∼=
n∏
i=1
Gi
im(αi)
∼=
n∏
i=1
ker(αi) = ker(α). 
Question. When is the semidirect product G = K o H morphic?
Example 26. Proposition 25 is not true for semidirect products.
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Proof. Let K = 〈a〉 and H = 〈b〉 where |a| = 7 and |b| = 9. Then hom(H, K) = {θ} = hom(K ,H) but we claim that
G = K o H = 〈a, b | a7 = b9 = 1, ab = a2〉 is not morphic. We have ab3 = a so b3 is central in G. Let A = 〈a, b3〉 ∼= C7 × C3.
Then G/A ∼= C3 ∼=
〈
b3
〉
C G, and we claim that G/
〈
b3
〉 6∼= A, so G is not morphic. In fact, G/ 〈b3〉 is not abelian. To see this,
observe that [b, a] = bab−1a−1 = a /∈ 〈b3〉 so, writing g¯ = g 〈b3〉 for all g ∈ G, it follows that [b¯, a¯] 6= 1¯. 
Theorem 27. A finite nilpotent group is morphic if and only if each Sylow subgroup is morphic.
Proof. We have G ∼= S1 × · · · × Sn where the Si are the Sylow subgroups. If G is morphic then each Si is morphic by
Proposition 23. The converse holds by Proposition 25 because hom(Si, Sj) = {θ}whenever i 6= j. 
Note that we cannot replace ‘‘finite’’ by ‘‘finitely generated’’ in Theorem 27. Indeed the infinite cyclic group is finitely
generated and nilpotent, but it is not morphic. Note further that a finitely generated nilpotent group is finite if and only
if it is periodic (every element has finite order).
Theorem 27 focuses our attention on when a p-group is morphic; we return to this in the last section. The next lemma
has independent interest.
Lemma 28. Let S be a nonabelian simple group. If G is any group and K C (S × G) then either K = 1 × H for some H C G, or
K = S × H for some H C G.
Proof. Write P = S × G, let pi : P → P be the projection given by (s, g)pi = (s, 1), and write S1 = S × 1. If K C P then
Kpi C S1 so Kpi = 1 or Kpi = S1 because S1 ∼= S is simple. In the first case, K ⊆ ker(pi) = 1 × G so K = 1 × H where
H = {h ∈ G | (1, h) ∈ K} C G.
So assume that Kpi = S1. Then, if s ∈ S, we have (s, 1) ∈ Kpi, say (s, 1) = (s, k)pi where (s, k) ∈ K . Hence if t ∈ S is
arbitrary, we get (tst−1s−1, 1) = (t, 1)(s, k)(t, 1)−1(s, k)−1 ∈ K because K C P. It follows that S ′ × 1 ⊆ K where S ′ is the
commutator subgroup. But S ′ = S here because S is simple and nonabelian, so we conclude that S1 ⊆ K . But then, if we
write H = {h ∈ G | (1, h) ∈ K},we have H C G and K = S × H . 
Lemma 28 can fail if S is abelian: Take S = G = C2 = {1, g}, and K = {(1, 1), (g, g)} C S × G.
If G = S1 × S2 × · · · × Sn where the Si are groups, call a normal subgroup X C G standard if X = X1 × X2 × · · · × Xn
where Xk = 1 or Xk = Sk for each k.
Proposition 29. Let K C (S1× S2× · · ·× Sn)×G where each Si is nonabelian and simple, and G is any group. Then K = U ×H
where U C (S1 × S2 × · · · × Sn) is standard, and H C G.
Proof. Induct on n ≥ 1. The case n = 1 is Lemma 28. If n ≥ 2 write S = S2 × · · · × Sn. Then K C S1 × (S × G) so Lemma 28
gives K = X × B where X ∈ {1, S1} and B C (S × G). By induction, B = U ′ × H where U ′ C S is standard and H C G. Thus
we are done with U = X × U ′. 
Corollary 30. Let G = S1 × S2 × · · · × Sn where each Si is nonabelian and simple. Then every normal subgroup of G is standard.
Proposition 31. If G = S1 × S2 × · · · × Sn where each Si is simple and nonabelian, then G is strongly morphic.
Proof. We show first that G is morphic. Let G/K ∼= N where K C G and N C G. Then K = ΠISi for some I ⊆ {1, 2, . . . , n} by
Corollary 30, so G/K ∼= ΠI ′Si where I ′ is the complement of I in {1, 2, . . . , n}. Hence N ∼= ΠI ′Si. Since N is standard, there
exists σ ∈ aut(G) such that Nσ = ΠI ′Si. Thus G/N ∼= Gσ/Nσ = G/ (ΠI ′Si) ∼= ΠI ′′Si = K .
Finally, to see that G is strongly morphic, we must show (Lemma 17) that if U C G then U is isomorphic to an image of
G. Since U is standard by Corollary 30, we have U = ΠISi for some I ⊆ {1, 2, . . . , n} so G = U × U ′ where U ′ = ΠI ′Si. But
then U ∼= G/U ′. 
Corollary 32. If S is any simple group then Sn is strongly morphic.
Proof. If S is nonabelian use Proposition 31. If S is abelian then Sn is morphic by Theorem 14. If S ∼= Zp where p is a prime,
then Sn is a vector space over Zp. Now suppose that U C Sn, say dim U = k. Then dim S/U = n − k, and S certainly has a
subspace of dimension n− k. So Sn is strongly morphic. 
A group is called characteristically simple if it has no proper characteristic subgroups. By [6, Theorem 8.10] each finite
characteristically simple group is a finite product of isomorphic simple groups. Hence:
Corollary 33. Every finite, characteristically simple group is strongly morphic.
We know that every simple group is morphic (Example 8). Here is a far reaching extension. Call a group S a subquotient
of a group G if S is isomorphic to an image or a subgroup of either a normal subgroup or a factor of G.
Theorem 34. Let P = S1 × S2 × · · · × Sn × G where each Si is simple and nonabelian, and G is morphic with the descending
chain condition (DCC) on subgroups. If no Si is a subquotient of G, then P is morphic.
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Proof. Write S = S1 × S2 × · · · × Sn. If K C P is such that G/K ∼= N C P, we must show that P/N ∼= K . By Proposition 29
we have K = U × X and N = V × Y where U C S and V C S are standard, X C G and Y C G. Let S = U × U ′ where U ′ is
standard. Then
V × Y = N ∼= P
K
= S × G
U × X
∼= S
U
× G
X
∼= U ′ × G
X
.
Hence let
σ : V × Y → U ′ × G
X
be an isomorphism.
Claim 1. V ∼= U ′.
Proof. Define ι : V → V × Y by v ι = (v, 1), and let pi : U ′ × GX → GX be the projection. Then V ισpi = 1 by hypothesis,
so V ισ ⊆ ker pi = U ′ × 1 ∼= U ′. This gives rise to a monomorphism µ : V → U ′. Similarly, let ν : U ′ → V be monic,
so µν : V → V is monic. But V has DCC on subgroups, so µν is an isomorphism. It follows that µ : V → U ′ is also an
isomorphism.
Claim 2. GX
∼= Y
Proof. Define ε : Y → V × Y by yε = (1, y). Then Yεσ C U ′ × GX so, by Proposition 29, Yεσ = U ′′ × T where U ′′ C U ′ and
T C GX . This implies that U
′′ ↪→ Yεσ , so U ′′ = 1 by hypothesis. Thus Yεσ = 1× T ∼= T C GX , so let λ : Y → GX be monic. A
similar argument implies that a monomorphism µ : GX → Y exists, so both λµ : Y → Y and µλ : GX → GX are monic. Since
both Y and GX inherit the DCC on subgroups, it follows that
G
X
∼= Y .
Since G is morphic, we have X ∼= GY by Claim 2. Also, since S strongly morphic by Proposition 31, we have S/V ∼= S/U ′
by Theorem 19 and Claim 1. But then S/V ∼= U and we have PN = S×GV×Y ∼= SV × GY ∼= U × X = K . This proves that P is
morphic. 
Corollary 35. Let P = S1 × S2 × · · · × Sn × G where each Si is simple and nonabelian. If G is a finite, abelian, morphic group
then P is morphic.
5. p-groups
Theorem 27 shows that deciding when a finite nilpotent group is morphic comes down to the case of finite p-groups where
p is a prime. In this section, we present some results about when a p -group is morphic. Throughout this section, p always
represents a prime integer.
Theorem 14 shows that a finite, abelian p-group G is morphic if and only if G ∼= (Cpk)m for some k and m.With this, the
fundamental theorem gives:
Lemma 36. A finite abelian p-group G is morphic if and only if any two maximal subgroups of G are isomorphic.
Part of Lemma 36 is true in general.
Theorem 37. Let G be a finite, morphic group with |G| = pn. Then:
(1) All subgroups and images of G of order pn−1 are isomorphic.
(2) G/G′ is morphic.
Proof. (1) LetM be any maximal subgroup of G. Since G is a p-group, we haveM C G and |M| = pn−1. Since Z = Z(G) 6= 1,
fix z0 ∈ Z with |z0| = p. Then G/M ∼= Cp ∼= 〈z0〉 C G so, since G is morphic,M ∼= G/ 〈z0〉 . Now let F be an image of G with
|F | = pn−1. Then F ∼= G/N where N C G and |N| = p. Hence G/M ∼= Cp ∼= N so, as G is morphic, M ∼= G/N ∼= F . This
proves (1).
(2) Let M/G′ and N/G′ be maximal subgroups of G/G′. By (1), let σ : M → N be an isomorphism. Then σ induces an
isomorphismM/G′ → N/G′, so G/G′ is morphic by Lemma 36. 
Note that all the maximal subgroups of the quaternion group Q8 are isomorphic to C4, but Q8 is not morphic.
The next result extends the fact that neither D4 nor Q8 is morphic.
Proposition 38. Let G be a group where |G| = pn, n ≥ 3, and assume that G has a cyclic subgroup of order pn−1. Then G is
morphic if and only if it is cyclic.
Proof. If G is cyclic it is morphic by Example 6. Conversely, assume that A = 〈a〉 ⊆ G has order pn−1. Then A C G and
G/A ∼= Cp ∼= 〈z〉 C G for any z ∈ Z(G) of order p. As G is morphic, we have G/ 〈z〉 ∼= A ∼= Cpn−1 . This implies that G is abelian,
so G ∼= Cpn−1 × Cp or G ∼= Cpn . But Cpn−1 × Cp is not morphic by Theorem 14 because n− 1 ≥ 2. Hence G ∼= Cpn is cyclic, as
required. 
Note that if n = 2 in Proposition 38 then G is abelian of order p2. Hence G ∼= Cp2 or G ∼= Cp × Cp, and both are morphic.
Recall that a group G is said to have finite exponent if the orders of the elements of G are finite and bounded. Then the
exponent of G,written exp(G), is the least common multiple of the orders of all elements of G.
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Proposition 39. The following are equivalent for a group G with |G| = p3.
(1) G is morphic.
(2) Either G is cyclic, or elementary abelian, or nonabelian with exp(G) = p.
Moreover, in this case we have:
If p = 2 then G is cyclic or elementary abelian.
If p > 2 then G is either cyclic, or elementary abelian, or
G = 〈a, b, c | ap = bp = cp = 1, [a, b] = c, ac = ca, bc = cb〉 .
Proof. (1)⇒(2) If exp(G) = p3 then G is cyclic. If exp(G) = p2 then G has a cyclic subgroup of order p2 and again G is cyclic
by (1) and Proposition 38. If exp(G) = p then (2) clearly holds.
(2)⇒(1) Since cyclic groups aremorphic, assume that exp(G) = p. If K C G is such thatG/K ∼= N C G,wemust show that
G/N ∼= K . Since both K and G/K also have exponent p, we have two cases: If |K | = p then |N| = p2, so G/N ∼= Cp ∼= K ; if
|K | = p2 then |N| = p, so G/N ∼= Cp × Cp ∼= K .
For the rest: If p = 2 then G is abelian because D4 and Q8 are not morphic. Hence G is cyclic or elementary by (2). Suppose
that p > 2. If G is abelian, it is cyclic or elementary by Theorem 14 . Otherwise, one verifies that G′ = Z(G) is the unique
normal subgroup of order p in G. Now G/G′ has type (p, p) because exp(G) = p so G = 〈a, b,G′〉 .Write c = [a, b], so c 6= 1
as G is not abelian. Hence G′ = 〈c〉 because exp(G) = p, and so G = 〈a, b, c〉 . Since c ∈ Z(G),we obtain the presentation in
the proposition. 
Now let G be amorphic groupwith |G| = p4. If G is abelian Theorem 14 shows that G is isomorphic to one of Cp4 , Cp2×Cp2
or Cp × Cp × Cp × Cp. Surprisingly, there is no nonabelian morphic group of order p4.
Proposition 40. If p is a prime, every morphic group of order p4 is abelian.
Proof. Suppose on the contrary that G is a nonabelian morphic group with |G| = p4. By [7, Proposition 6.5.1] let A be an
abelian normal subgroup of Gwith |A| = p3. Hence every subgroup and image of Gwith order p3 is abelian by Theorem 37.
In particular, if z ∈ Z(G) has order p, then G/ 〈z〉 is abelian, whence G′ ⊆ 〈z〉 ⊆ Z(G). Since G′ 6= 1 (G is nonabelian), we
have G′ = 〈z〉 .Hence G/ 〈z〉 is morphic by Theorem 37 and so has type (p, p, p) or (p3). But if G/G′ is cyclic then G is abelian
since G′ is central. So G/G′ has type (p, p, p), and we have G = 〈a, b, c,G′〉 . Because G is nonabelian, we may assume that
ab 6= ba. Thus 〈a, b〉 is a proper, nonabelian subgroup of G, and so |〈a, b〉| = p3, a contradiction. 
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